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Abstract
A primitive digraph D on n vertices has large exponent if its exponent, γ (D), satisfies αn  γ (D)  wn,
where αn = wn/2 + 2 and wn = (n − 1)2 + 1. It is shown that the minimum number of arcs in a primitive
digraph D on n  5 vertices with exponent equal to αn is either n + 1 or n + 2. Explicit constructions are
given for fixed n even and odd, for a primitive digraph on n vertices with exponent αn and n + 2 arcs.
These constructions extend to digraphs with some exponents between αn and wn. A necessary and sufficient
condition is presented for the existence of a primitive digraph on n vertices with exponent αn and n + 1 arcs.
Together with some number theoretic results, this gives an algorithm that determines for fixed n whether the
minimum number of arcs is n + 1 or n + 2.
© 2007 Elsevier Inc. All rights reserved.
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Keywords: Diophantine equation; Large exponent; Primitive digraph
1. Introduction
A digraph D is primitive if there exists a positive integer m such that for all ordered pairs of
vertices (u, v) (not necessarily distinct), there is a walk of length m from u to v. The smallest
such m is called the exponent of D, and is denoted by γ (D). It is well known that D is primitive
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if and only if it is strongly connected and the greatest common divisor of its cycle lengths equals
1; see [6, p. 517]. Note that these conditions imply that the number of arcs in a primitive digraph
on n vertices is at least n + 1. The Wielandt digraph Wn on n  3 vertices consists of a Hamilton
cycle plus an additional arc that makes an (n − 1)-cycle. Wielandt [12] showed that for n  3
the exponent of a primitive digraph D on n vertices satisfies γ (D)  (n − 1)2 + 1, and equality
holds if and only if D is Wn. Thus the largest exponent of a primitive digraph on n vertices is
(n − 1)2 + 1; this value is denoted by wn. A primitive digraph on n vertices with exponent γ (D)




⌋+ 2  γ (D)  wn. The smallest large exponent, namely ⌊wn2 ⌋+ 2,
is denoted by αn.
The specific focus of this paper is the determination of the minimum number of arcs in a
primitive digraph (on a given number of vertices n) having exponent αn. From the definition of
the exponent, the addition of an arc to a primitive digraph cannot increase the exponent. Thus, it
is interesting that results here show that, for a given number of vertices n, the primitive digraph
with maximum large exponent wn and primitive digraphs with smallest large exponent αn may
have the same number of arcs, namely n + 1.
In Section 2 the family of primitive digraphs (unique up to isomorphism) with n + 1 arcs
that can have large exponent is identified. Primitive digraphs on n  5 vertices with n + 2 arcs
and exponent αn are explicitly constructed in Section 3. The cases n even and n odd are treated
separately. In Section 4, by using some elementary number theory to solve diophantine equations,
we give a necessary and sufficient condition for the existence of such digraphs with n + 1 arcs.
Thus we show that the minimum number of arcs in a primitive digraph on n  5 vertices with
smallest large exponent αn is either n + 1 or n + 2, and discuss an algorithm that determines (for
fixed n) if it is n + 1. Section 5 presents an extension of our results to some exponents greater
than αn. Some number theoretic definitions and results that are used in the proofs in Section 4 are
given in the Appendix.
2. Preliminary results
An important property (proved in [9]) of a primitive digraph with large exponent is stated in
the following result, which is frequently used in this paper.
Theorem 2.1. If D is a primitive digraph with large exponent, then D has cycles of exactly two
different lengths.
The cycle lengths of a primitive digraph on n vertices with large exponent are denoted by k
and j with j < k  n. As stated in Section 1, k and j must be relatively prime. A lower bound




 j . This lower bound on j implies the following result.
Proposition 2.2. If D is a primitive digraph on n  4 vertices with large exponent, then k + j 
n + 2.





, consider the following two cases:
(i) If j  n2 , then from n  k > j  n2 , it follows that k + j  n + 1.
(ii) If j = n−12 , then by [8, Theorem 1.2] k = n, thus k + j = n + n−12  n + 1.
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Fig. 1. W(n, k, j).
Thus in both cases k + j  n + 1. Now using [8, Theorem 1.2] it is easy to show that if k + j =
n + 1, then n = k = 3 and j = 1, and thus k + j  n + 2 for n  4. 
The following digraphs are introduced in [3]. For n  k > j  2, with k + j  n + 2 and
(k, j) = 1, W(n, k, j) denotes the primitive digraph on n  3 vertices that consists of a k−cycle
1 → k → (k − 1) · · · → 2 → 1 and a j -cycle containing the path 1 → (k + 1) → (k + 2) →
· · · → n → (k + j − n) if k  n − 1 or the arc 1 → j if k = n; see Fig. 1. Note that W(n, n, n −
1) = Wn, the Wielandt digraph.
Using the fact that a primitive digraph must be strongly connected and some graph theory, we
can show that if a primitive digraph D on n vertices has n + 1 arcs with two cycle lengths k and
j , then it has exactly two cycles. This statement is useful in the proof of the following result.
Proposition 2.3. If a primitive digraph D on n  4 vertices has large exponent and n + 1 arcs,
then it is isomorphic to a digraph W(n, k, j) for some relatively prime k and j satisfying n 
k > j  2 and k + j  n + 2.






follows that n  k > j  2. Also its cycle lengths k and j are relatively prime and by Proposition
2.2 they satisfy k + j  n + 2. If D has n + 1 arcs, then, as stated above, it has only two cycles.
Thus D is isomorphic to W(n, k, j) with n, k and j satisfying the above conditions. 
It follows that the only possible digraphs on n  4 vertices with n + 1 arcs and large exponent
are digraphs W(n, k, j). The following concepts are introduced in order to determine the exponent
of primitive digraphs.
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If k and j are relatively prime positive integers, then (k − 1)(j − 1) is the smallest positive
integer for which every integer greater than or equal to (k − 1)(j − 1) can be written as a non-
negative linear combination of k and j . Such an integer is called the Frobenius–Schur index, and
is denoted by φ(k, j); see [2, p. 72]. Consider the primitive digraph D with cycle lengths k and j .
For any ordered pair (u, v) of vertices, a nonnegative integer ru,v is defined as follows. If u = v
and if vertex u is on a cycle of length k and a cycle of length j , then ru,v = 0; otherwise ru,v is
the length of a shortest walk from u to v that has at least one vertex on a cycle of each length. The
circumdiameter of D is r = max{ru,v} taken over all ordered pairs (u, v). An ordered pair (u, v)
of vertices in a primitive digraph D has the unique path property if every walk from vertex u to
vertex v that has length ru,v consists of some walkW of length ru,v augmented by a number
of cycles, each having a vertex in common withW; see [5]. (Note that the word ‘unique’ in this
definition refers to the length of the walkW rather than to the walkW itself.) The next result
follows from [5, Corollary 2].
Proposition 2.4. If D is a primitive digraph with large exponent and cycle lengths k and j in
which the ordered pair of vertices (u, v) has the unique path property and ru,v is equal to the
circumdiameter r, then γ (D) = φ(k, j) + r = (k − 1)(j − 1) + r.
The above proposition is now used to determine the exponent of a digraph W(n, k, j); see
[3, Theorem 4.3.1]. The proof is included here for completeness because the result is used in the
proof of our main theorem (Theorem 4.1).
Theorem 2.5. For integers n  k > j  2 with k + j  n + 2 and k and j relatively prime,
γ (W(n, k, j)) = n + (k − 2)j.
Proof. Consider the digraph W(n, k, j) in Fig. 1. The ordered pair (u, v) = (k, k + j − n + 1)
has the unique path property with ru,v = n − j − 1 + k, and it can be easily verified that ru,v =
r . Therefore, by Proposition 2.4, γ (W(n, k, j)) = (k − 1)(j − 1) + n − j − 1 + k = n + (k −
2)j . 
By considering all possible primitive digraphs for n = 3, the minimum number of arcs is
4 = n + 1; see [4]. By similar considerations, for n = 4 there is no primitive digraph on 4 vertices
with exponent α4.
3. Primitive digraphs with n+ 2 arcs
In this section, we show that for even n  8 and for odd n  5, there exists a primitive digraph
with the smallest possible large exponent αn and with n + 2 arcs.
Theorem 3.1. For any even n  8, there exists a primitive digraph D on n vertices with cycle
lengths k = n − 1 and j = n/2 that has n + 2 arcs and for which γ (D) = αn.
Proof. Consider the primitive digraph D in Fig. 2 with an n − 1 cycle 1 → n − 1 → · · · → 2 →
1 and the arcs n2 − 3 → n − 4, 1 → n and n → n2 − 1 that make two j -cycles. Thus D has n
vertices and n + 2 arcs. The ordered pair of vertices (n − 1, n − 3) has the unique path property
with rn−1,n−3 = 2 + n − 1 = n + 1. Since ru,v  rn−1,n−3 for any other ordered pair (u, v), it
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Fig. 2. Digraph D with n + 2 arcs and γ (D) = αn for n even.





1 = n2−2n+62 = αn. 
No arc can be removed from the digraph D in Fig. 2 to give a primitive digraph with exponent
equal to αn. By deleting the arc n/2 − 3 → n − 4, the maximum distance between vertices that
have the unique path property increases, thus γ (D) > αn. If any other arc is deleted, then the
resulting digraph is not strongly connected. Therefore, for even n  8, the minimum number of
arcs in a digraph with exponent equal to αn is less than or equal to n + 2.
An analogous result to Theorem 3.1 for odd n is now presented.
Theorem 3.2. For any odd n  5, there exists a primitive digraph D on n vertices with cycle
lengths k = n and j = n−12 that has n + 2 arcs and for which γ (D) = αn.
Proof. Consider the digraph D in Fig. 3 with the Hamilton cycle 1 → n → n − 1 → · · · → 2 →
1 and the arcs 1 → j and j → n − 2 that make j -cycles. ThusD hasn vertices andn + 2 arcs. The
ordered pair (n, n − 1) has the unique path property with rn,n−1 = n + 1. Since ri,j  rn,n−1 for






+ n + 1 = (n−1)22 + 2 = αn. 
Note that no arc can be removed from D to give a primitive digraph with exponent equal to αn.
By deleting any chord, the maximum distance between vertices that have the unique path property
increases, thus γ (D) > αn. If any arc in the Hamilton cycle is deleted, then the resulting digraph
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Fig. 3. Digraph D with n + 2 arcs and γ (D) = αn for n odd.
is not strongly connected. Therefore, for odd n  5, the minimum number of arcs in a digraph
with exponent equal to αn is less than or equal to n + 2.
4. Primitive digraphs with n+ 1 arcs
In this section, necessary and sufficient conditions for the existence of a primitive digraph D
on n vertices with exponent γ (D) = αn and n + 1 arcs are given. For ease of notation, we define
new variables x, y, t by x = n − j − 2, y = n − k, t = n − 2x − y − 2 = k + 2j − 2n + 2. In
terms of W(n, k, j) in Fig. 1, y is the number of vertices on the path from k + 1 to n, x + 2 is
the number of vertices on the path from k to k + j − n + 1, and t − 2 is equal to the number
of vertices on the path from k + j − n to 1 minus the number of vertices on the path from k to
k + j − n + 1. The following is our main result.
Theorem 4.1. Let D be a primitive digraph on n  5 vertices with γ (D) = αn and cycle lengths
k, j. The number of arcs in D is n + 1 if and only if there exist positive integers x, y, t satisfying
x2 + y2 =
{
(x + t)2 − 2 if n is even,
(x + t)2 − 1 if n is odd, (1)





 j < k  n.
If no such solution exists, then there is such a digraph D with n + 2 arcs.
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Proof. Suppose that the number of arcs in D is n + 1 with n  5. By Proposition 2.3, digraph D is





 j < k  n. Since by Theorem
2.5, γ (W(n, k, j)) = n + (k − 2)j and αn =  (n−1)2+12  + 2, it follows that
αn =
⌊
(n − 1)2 + 1
2
⌋
+ 2 = n + (k − 2)j. (2)
Let k = n − h and j = n − i for integers i and h with i > h  0. We consider respectively the
cases n is even and n is odd.
(i) Suppose n is even. Then from (2)
(n − 1)2 + 1
2
+ 2 = n + (n − h − 2)(n − i)
⇔ n2 − 2(i + h)n + 4i + 2ih − 6 = 0, (3)
which is a quadratic equation in n. Since (3) has an integer solution, from the discriminant there
exists a positive integer z such that
(i + h)2 − 4i + 6 − 2ih = i2 + h2 − 4i + 6 = (i − 2)2 + h2 + 2 = z2.
Denoting x = i − 2 = n − j − 2 and y = h = n − k  0, this gives
x2 + y2 = z2 − 2. (4)
The integers x, y, z must satisfy x  −1, y  0, z  2, because since j  n − 1 and x =
n − j − 2 it follows that x  −1. If x = −1 then j = n − 1, so k = n. This gives the Wielandt
digraph Wn, which has exponent wn, thus x  0. If x = 0 or y = 0, then there are no integer
solutions to (4). Thus x, y, z are all positive integers.
(ii) Suppose n is odd. Then from (2)
(n − 1)2
2
+ 2 = n + (n − h − 2)(n − i)
⇔ n2 − 2(i + h)n + 4i + 2ih − 5 = 0, (5)
which is a quadratic equation in n. Since (5) has an integer solution, from the discriminant there
exists a positive integer z such that
(i + h)2 − 4i + 5 − 2ih = i2 + h2 − 4i + 5 = (i − 2)2 + h2 + 1 = z2.
With x and y as in case (i), this gives
x2 + y2 = z2 − 1 (6)
for some integers x, y, z with x  −1, y  0, z  1. As in case (i), x /= −1. If x = 0, then y  1
gives no integer solution for z. If x = 0, then y = 0 gives z = 1, implying that i = 2 and h = 0,
which from (5) gives n = 3 < 5. Thus x, y, z are all positive integers.
Clearly z is greater than x in (4) and (6), so letting z = x + t for some positive integer t ,
the equations reduce to those given in (1). Therefore, in both cases, x, y and t satisfy (1) with
k = n − y and j = n − x − 2. From (3) and (5), n = i + h + z = 2x + y + t + 2. Note that the






thus k  3 for n  5.
For the converse, assume that there exist positive integers x, y, t satisfying (1). First note
that k + j = 2n − x − y − 2 = 3x + y + 2t + 2 = n + x + t  n + 2 (since x and t are both
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positive). We again consider respectively the cases n is even and n is odd, and show that
γ (W(n, k, j)) = αn in each case.
(i) Suppose n is even. Using (1) and n, k and j as in the statement of the theorem,
γ (W(n, k, j)) = n + (k − 2)j
= 2x + y + t + 2x2 + 2xy + tx + ty + y2 + 4,
and




= 2x + y + t + 2x2 + 2xy + tx + ty + y2 + 4 = γ (W(n, k, j)).
(ii) Suppose n is odd. Then similarly
γ (W(n, k, j)) = 2x + y + t + 2x2 + 2xy + tx + ty + y2 + 3,
and
αn = (n − 1)
2 + 2
2
= 2x + y + t + 2x2 + 2xy + tx + ty + y2 + 3 = γ (W(n, k, j)).
Therefore, the above, together with the conditions on n, k and j in the assumption, imply that
there is a primitive digraph W(n, k, j) with exponent γ (W(n, k, j)) = αn in both cases n even
and n odd.
Theorems 3.1 and 3.2 imply that for even n  8 and odd n  5, there exists a primitive digraph
D on n vertices with γ (D) = αn and with n + 2 arcs. For n = 6, there is a solution to (1), namely
x = y = t = 1. Thus the exponent of W(6, 5, 3) is equal to 15 = α6. Hence the last statement of
the theorem is proved. 
We now give some results that are used to restrict the search for solutions to the diophantine
equation (1). These are used in the program discussed at the end of this section. Some of the
required number theoretic definitions and results are presented in the Appendix. Since (1) is
different for n even and n odd, these cases are considered separately.
Proposition 4.2. If x, y, t are positive integers such that x2 + y2 = (x + t)2 − 2, then x, y and
t are all odd.
Proof. If x, y, t are positive integers satisfying x2 + y2 = (x + t)2 − 2, then both x and y can-
not be even, since otherwise x2 + y2 ≡ 0(mod 4), which implies that (x + t)2 ≡ 2(mod 4), but
squares are only congruent to 0 or 1 modulo 4.
Moreover x and y have the same parity. Otherwise, without loss of generality, suppose x
is even and y is odd. Then x2 + y2 ≡ 1(mod 4), and using (1), (x + t)2 − 2 ≡ 1(mod 4). Thus
(x + t)2 ≡ 3(mod 4), which is a contradiction. Therefore x and y have the same parity, and hence
both are odd. Now since x and y are odd, it follows that x2 + y2 is even. From (1), (x + t)2 is
even, that is x + t is even, which implies that t is odd. 
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We now prove necessary and sufficient conditions for the existence of integer solutions to (1)
for n even.
Theorem 4.3. The equation x2 + y2 = (x + t)2 − 2 has integer solutions x, y and t if and only
if every prime divisor of t is congruent to 1 or 3 modulo 8. For any such t there are infinitely many
solutions.
Proof. If x, y and t are integers such that x2 + y2 = (x + t)2 − 2, then y2 = 2tx + t2 − 2 and
it follows that y2 ≡ t2 − 2(mod 2t). By Corollary 5.8 (see the Appendix), every prime divisor of
t is congruent to 1 or 3 modulo 8.
For the converse, suppose t = pe11 pe22 · · ·peuu with every pi , i = 1, 2, . . . , u, congruent to 1 or
3 modulo 8. By Corollary 5.8, y2 ≡ t2 − 2(mod 2t) has 2u distinct solutions. Let m be such a solu-
tion with 0  m < 2t . Now x, y, t with y = m + 2tq, x = y2−t2+22t = (2tq2 + 2mq) + m
2−t2+2
2t
is a solution to the equation x2 + y2 = (x + t)2 − 2, for q = 0, 1, 2, . . . Thus, for any t there are
infinitely many solutions. 
Analogous results for n odd can be obtained by similar arguments.
Proposition 4.4. If x, y, t are positive integers such that x2 + y2 = (x + t)2 − 1, then x and y
are even and t is odd.
Proof. If x, y, t are positive integers satisfying x2 + y2 = (x + t)2 − 1, then both x and y cannot
be odd, since otherwise x2 + y2 ≡ 2(mod4), which implies that (x + t)2 ≡ 3(mod 4), contradict-
ing the fact that squares are only congruent to 0 or 1 modulo 4.
Moreover, by an argument as in Proposition 4.2, x and y have the same parity. Now t must be
odd, because since x and y are even, it follows that x2 + y2 is even. Thus (x + t)2 − 1 is even,
that is x + t is odd, which implies t is odd. 
Theorem 4.5. The equation x2 + y2 = (x + t)2 − 1 has integer solutions x, y and t if and only
if every prime divisor of t is congruent to 1 modulo 4. For any such t there are infinitely many
solutions.
Proof. If x, y and t are integers such that x2 + y2 = (x + t)2 − 1, then y2 = 2tx + t2 − 1 and
it follows that y2 ≡ t2 − 1(mod 2t). By Corollary 5.9 (see the Appendix), every prime divisor of
t is congruent to 1 modulo 4.
For the converse, suppose t = pe11 pe22 · · ·peuu with every pi , i = 1, 2, . . . , u, congruent to 1
modulo 4. By Corollary 5.9, y2 ≡ t2 − 1(mod 2t) has 2u distinct solutions. Let m be such a
solution with 0  m < 2t . Now x, y, t with y = m + 2tq and x = y2−t2+12t = (2tq2 + 2mq) +
m2−t2+1
2t is a solution to the equation x
2 + y2 = (x + t)2 − 1, for q = 0, 1, 2, . . .. Therefore, for
any t there are infinitely many solutions. 
From Propositions 4.2 and 4.4, if γ (W(n, k, j)) = αn, then k and j are odd. If D is a primitive
digraph onn  5 vertices withγ (D) = αn, then n−12  j < k [7, Theorem 1]. Then the definitions
of x and y in Theorem 4.1 give x  n−32 , y 
n−1
2 and (1) gives t  n√2 . Therefore, using the
above restrictions on x, y (from Propositions 4.2 and 4.4) and t (from Theorems 4.3 and 4.5), and
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these upper bounds, we developed an algorithm to check all admissible values of x, y and t to find
the solutions of (1). Moreover, for each solution found, the algorithm can check the conditions on
k and j in Theorem 4.1 to verify whether or not there exists a primitive digraph W(n, k, j) with
exponent αn.
A table of results from the execution of our algorithm is given in [10]. We found that for some
n, there exist more than one pair of values of k and j for which γ (W(n, k, j)) = αn; the smallest
such n is 933, with γ (W(933, 691, 629)) = γ (W(933, 903, 481)) = α933. For n = 4404 there
are three primitive digraphs with exponent αn and n + 1 arcs.
For t = 1, an infinite family of solutions x, y for the diophantine equation (1) exists for both
n even and n odd, where n, k, j are as given in Theorem 4.1. These solutions generate infinite
families of nonisomorphic primitive digraphs W(n, k, j) on n vertices with exponent αn and with
n + 1 arcs for both n even and n odd. The following two theorems, which are proved in [10],
explicitly determine all n, k and j such that W(n, k, j) is a member of one of these families.
Theorem 4.6. If t = 1, then x = y2+12 , y = 2u + 1 with u a nonnegative integer gives an infi-
nite family of integer solutions to the equation x2 + y2 = (x + t)2 − 2 where n = 2x + y + t +
2 = 4u2 + 6u + 6 is even. For u /≡ 4(mod 17) this family has an infinite sub-family of primitive
digraphs W(n, k, j) with exponent αn, where k = 4u2 + 4u + 5 and j = 2u2 + 4u + 3.
Theorem 4.7. If t = 1, then x = y22 , y = 2v with v a positive integer gives an infinite fam-
ily of integer solutions to the equation x2 + y2 = (x + y)2 − 1, where n = 2x + y + t + 2 =
4v2 + 2v + 3 is odd. For v /≡ 10(mod 13), this family has an infinite sub-family of primitive
digraphs W(n, k, j) with exponent αn, where k = 4v2 + 3 and j = 2v2 + 2v + 1.
5. Discussion
As stated in Theorem 4.1, the existence of a primitive digraph on n vertices with n + 1 arcs
and exponent αn depends on the existence of integer solutions to the diophantine equation (1) that
satisfy additional constraints. For given n, our algorithm determines whether or not there exists
such a digraph with n + 1 arcs. If no such digraph exists, then the results in Section 3 show that
the minimum number of arcs is n + 2.
The results in this paper can be extended to a range of large exponents. Lewin and Vitek [9]
determined all of the integers in the interval [αn,wn] that can be the exponent of a primitive
digraph on n vertices, and they showed that there are some gaps in this exponent set for primitive
digraphs on n vertices. Thus, a question similar to that answered in Theorem 4.1 for αn can be
asked for any possible large exponent: for a given n and γn with αn < γn < wn such that γn is
a possible exponent for a primitive digraph on n vertices, does there exist a primitive digraph
on n vertices with n + 1 arcs and exponent γn? In other words, for which n does there exist a
digraphW(n, k, j)with exponentγn? Note that sinceγ (W(n, k, j)) = n + (k − 2)j , the question
reduces to finding integral solutions to the equation γn = n + (k − 2)j , which can be solved by
an algorithm similar to that used for γn = αn. If there is no such solution for even n  10, consider
D as the digraph obtained from Fig. 2 by deleting the arc n2 − 3 → n − 4 and adding one arc
n
2 − c + 1 → n − c that makes a j -cycle, where 5  c  n2 . Following the proof of Theorem
3.1, for this digraph D the exponent is equal to αn + , where  ∈
{
1, 2, . . . , n2 − 4
}
and the
number of arcs is n + 2. Thus for even n  10, if there is no digraph W(n, k, j) with exponent γn
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such that αn  γn  αn + n2 − 4, then the minimum number of arcs in a primitive digraph with
exponent γn is n + 2. Similarly, for odd n  7, using Theorem 3.2 and Fig. 3 it can be shown that
for  ∈
{
1, 2, . . . , n−52
}
there exists a primitive digraph on n vertices with exponent αn +  and
n + 2 arcs. But for an exponent γn greater than the above values, we do not know the minimum
number of arcs in such digraphs when the equation γn = n + (k − 2)j does not have an integer
solution.
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Appendix
This section contains some of the number theoretic definitions and results that are used in
Section 4.
Definition 1 [1, p. 178]. If m is a positive integer and (a,m) = 1, then a is a quadratic residue
modulo m if the congruence s2 ≡ a(mod m) has a solution. If the congruence s2 ≡ a(mod m) has
no solutions, then a is a quadratic nonresidue modulo m.











1 if a is a quadratic residue modulo p
−1 if a is a quadratic nonresidue modulo p.
Lemma 5.1 [1, p. 178]. If p is an odd prime and (a, p) = 1, then the congruence s2 ≡ a(mod p)
has either no solutions, or exactly two solutions modulo p.




= 1 if and only if p ≡ 1(mod 4).
Lemma 5.3. If p is an odd prime, then the congruence s2 ≡ −2(mod p) has exactly two distinct
solutions if and only if p ≡ 1, 3(mod 8), and no solutions otherwise.
Proof. Suppose p ≡ 1(mod 8). Then p ≡ 1(mod 4). Thus by [1, Theorems 9.3, 9.5] and Lemma





















≡ (−1)(−1) = 1. Thus in each case the congruence has a solution, so by Lemma 5.1
it has exactly two distinct solutions.
























giving p ≡ 3(mod 8). 
Lemma 5.4. If p is an odd prime and (a, p) = 1, then each solution to the congruence s2 ≡
−a(mod pe), e  2, generates a solution to the congruence s2 ≡ −a(mod p) and conversely.
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The following two corollaries can be obtained from the above results, the proof of the second
is similar to that of the first.
Corollary 5.5. If t = pe11 pe22 · · ·peuu where p1, p2, . . . , pu are distinct odd primes and u, ei ∈ N,
then the congruence s2 ≡ −2(mod t) has exactly 2u distinct solutions if and only if each pi ,
i = 1, 2, . . . , u is congruent to 1 or 3 modulo 8, and no solutions otherwise.
Proof. If u = 1, then the result follows from Lemmas 5.3 and 5.4. If each pi , i = 1, 2, . . . , u,
with u  2 is congruent to 1 or 3 modulo 8, then the result follows from Lemmas 5.3 and
5.4 and [11, Theorem 2.18]. For the converse, suppose the congruence s2 ≡ −2(mod t) has
exactly 2u distinct solutions. Using [11, Theorem 2.18], for any i = 1, 2, . . . , u the congruence
s2 ≡ −2(mod pi) has a solution and Lemma 5.3 implies that pi is congruent to 1 or 3 modulo 8
for all i = 1, 2, . . . , u. 
Corollary 5.6. If t = pe11 pe22 · · ·peuu where p1, p2, . . . , pu are distinct odd primes, then the con-
gruence s2 ≡ −1(mod t) has exactly 2u distinct solutions if and only if each pi is congruent to 1
modulo 4, and no solutions otherwise.
Proposition 5.7. If t is odd, then m is a solution to y2 ≡ t2 − 2(mod 2t) if and only if it is an
odd solution to y2 ≡ −2(mod t).
Proof. Letmbe a solution toy2 ≡ t2 − 2(mod 2t). Thenm is odd (since t is odd). Thus there exists
an integer q such that m2 − t2 + 2 = 2tq, so m2 + 2 = t (2q + t). Thus m2 ≡ −2(mod t), which
implies that m is also a solution to y2 ≡ −2(mod t). If m is an odd solution to y2 ≡ −2(mod t),
then m is also a solution to y2 ≡ t2 − 2(mod t). Since m2 − t2 + 2 is even and t odd, it follows
that m is also a solution to y2 ≡ t2 − 2(mod 2t). 
Therefore, if all of the solutions to y2 ≡ −2(mod t) are odd, then they all generate distinct solu-
tions to y2 ≡ t2 − 2(mod2t). However, if y2 ≡ −2(mod t) has an even solution y, then y + t is an
odd solution to y2 ≡ −2(mod t), so by Proposition 5.7 it is also a solution to y2 ≡ t2 − 2(mod 2t).
It follows that choosing 2u distinct solutions to y2 ≡ −2(mod t) to be odd gives exactly 2u
distinct solutions to y2 ≡ t2 − 2(mod 2t). This together with Corollary 5.5 proves the following
corollary.
Corollary 5.8. If t = pe11 pe22 · · ·peuu where p1, p2, . . . , pu are distinct odd primes and u, ei ∈
N, then the congruence y2 ≡ t2 − 2(mod 2t) has exactly 2u distinct solutions modulo 2t if
and only if every prime divisor of t is congruent to 1 or 3 modulo 8, and no solutions
otherwise.
The analogous result for odd n can be obtained by similar arguments and Corollary 5.6.
Corollary 5.9. If t = pe11 pe22 · · ·peuu where p1, p2, . . . , pu are distinct odd primes and u, ei ∈ N,
then the congruence y2 ≡ t2 − 1(mod 2t) has exactly 2u distinct solutions modulo 2t if and
only if every prime divisor of t = pe11 pe22 . . . peuu is congruent to 1 modulo 4, and no solutions
otherwise.
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